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Nonconvexity is everywhere




The power of convex programing

Exciting research over the last decade demonstrating the effectiveness of convex
programming/greedy algorithms.
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Exciting research over the last decade demonstrating the effectiveness of convex
programming/greedy algorithms.
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@ Sparse use /1 norm, Low-rank use nuclear norm, etc.
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convex relaxations are not perfect

@ Computation and memory: convex programs maybe inefficient

@ Sometimes convex programs are inefficient in capturing the “structure”
(usually require more samples)
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Local search heuristics are often surprisingly effective...



Local search heuristics are often surprisingly effective...

ANALTSE MATREMATIQUE. — Methode gendrale pour i résvlution des systémes
déguations simuliandes; par M. Avocenw Cucesy.

o Ftant douné us systime d Gquations simultandes quil s'agit de eisoudre,
on commencs ordinairement par les coduire & ane seale, 4 Vaide d'élimi-
nations suceessives, saof & ssondre définitivement, #11 s pent, Péquation
vésultante. Maie il importe d'ohserver, 17 que, dam un grand nombre de
cas, [élimination ne peat effeciuer cn aucune maniére; a® que Véquation
vésultante et généralement trés-campliquée, lors méme que les fquations
données sont nser simples. Pour cea dons matifi, on congoit quil seeait
trésentile de comaitre ane méthode pénérale qui put servie & résondrs di-
pectoment un systéme d'équations slmolianées. Telle est colle que fai ob-
tenue, ot dont ji vals dire icl quelques mots. Je me boroerai pour 'instant
& indiguer les principes sue Lesqm:ls elle se fonde, me propesast de revenic
avea plus de désnils sr le méme sujet, dans wn procbain Mémoire.

« Sait d'sbord

w = Flar, 7, 5]

une fonction de plasiears varishles 2, ¥, 2...., qui ne devienne jomsis nés
ative el qui reate continng, da mains entre certaines limites. Pour tauver
1es valenrs de , 3, =, qui vérifieront Uéantion

" amo,

il suffira de faire décroftre indéfiniment la fonction «, jusqu'h oo quelle
sivaponisse, Or soient

Iy Fy B
des vabuues particalibees nttribades aux variables &, ¥, 2,...5 w la valeur
corvespondarste de u; X, Y, Z,... les valeors corvespondantes de D,u, Dy,
D, el %, 8,7, .. des decroisssmenls trbspatits attribuds anx valenrs
particalitres 5, y, %,.... Quand oo pasera

= x=x+m F=y+8 s=3+ 7.

un aura sensiblement

fa) - w=Fr+e,yE,. ) =ur a8V + g




When should we just follow the gradient?




Two stories with a common theme

e Story I: Structured Signal Recovery from Quadratic Measurements

e Story Il: Submodular Maximization



Structured Signal Recovery from Quadratic Measurements
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Sparse recovery from quadratic measurements



Sparse Signal Recovery from Quadratic Measurements

Quadratic measurements from an s-sparse signal

2
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Sparse Signal Recovery from Quadratic Measurements

Quadratic measurements from an s-sparse signal

2 r=12..m & y=|Az|

Yr = |<aT7 :L’H
Find an s-sparse signal from quadratic measurements

y,=x*A,x for r=1,2,...,m.



Sparse Signal Recovery from Quadratic Measurements
Quadratic measurements from an s-sparse signal
Yr = |<ar,w>\2 r=12,....m < y=|Az|

Find an s-sparse signal from quadratic measurements

y,=x*A,x for r=1,2,...,m.

One of the universal forms of combinatorial problems, NP-hard in general.



Sparse Signal Recovery from Linear Measurements

Linear Measurements
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Sparse Signal Recovery from Linear Measurements

Linear Measurements
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Sparse Signal Recovery from Linear Measurements

Linear Measurements

B | —————
| _ | ——————
.| L] [ ] L ] . [ ] .
H I T ) |
| ————— ng
s-sparse
Short

Sample complexity for uniqueness: m 2 slog(n/s) generic measurements
Sample complexity of convex relaxation: m > slog(n/s) generic measurements



Sparse Signal Recovery from Quadratic Measurements

Quadratic measurements

2
yr = [{a,, x)] r=12,....m
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Sparse Signal Recovery from Quadratic Measurements

Quadratic measurements

2 2
y?":|<a7“am>| r=12....,m & y=|Az|
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Sparse Signal Recovery from Quadratic Measurements

Quadratic measurements

2 2
yr = {ar, )| r=1,2,....m & y=|Az|

2
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Sample complexity for uniqueness: m 2 slog(n/s) generic measurements

Sample complexity for exact recovery: 7777777



First attempt: Convex Optimization



Semidefinite Relaxation with Sparsity

min  |z|l,, subject to y, = |a’z|* = [A(zz")],.
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min ||z||g, subjectto y=.A(Z) and Z > 0.
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min  |z|l,, subject to y, = |a’z|* = [A(zz")],.
Lifting: Z = zz* Relax rank one constraint

min ||z||g, subjectto y=.A(Z) and Z > 0.
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Semidefinite Relaxation with Sparsity

min  |z|l,, subject to y, = |a’z|* = [A(zz")],.
Lifting: Z = zz* Relax rank one constraint

min ||z||g, subjectto y=.A(Z) and Z > 0.

z* Z =zz*
¥ _HEN I‘
EEE
z - R .
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SDP relaxation
min | Z||,, subjectto y=A(Z) and Z>0.

For Phase Retrieval [Shechtman et. al. 2011, Li and Voroninski 2013].



Solving random quadratic equations

Given an s-sparse signal € C™, measurements of the form
=lalzl> r=1,2
yrf|a’rm| r=1.424...,m,

with a, i.i.d. complex random vector with each entry ~ ¢\ (0,1).
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xx* =argmin || Z|, subjectto y=A(Z) and Z = O0.
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Solving random quadratic equations

Given an s-sparse signal € C™, measurements of the form
2
yr = larx|” r=1,2

g Ly ooy

with a, i.i.d. complex random vector with each entry ~ ¢\ (0,1).

Theorem (Li and Voroninski (2013))

Using m > s log n Gaussian measurements with high probability
xx* =argmin || Z|, subjectto y=A(Z) and Z = O0.

Maybe these results are not optimal...

Theorem (Li and Voroninski (2013), [Oymak, Jalali, Fazel, Hassibi, Eldar (2014))

With Gaussian measurements if

zx* =argmin ||Z|, subjectto y=.A(Z) and Z = O0.
holds with high probability.
Then

~ log®n’




Data Barriers...

52

m 2, slog(n/s) versus m 2 —;
log“n

Uniqueness convex relaxation



Data Barriers...

2
s
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Engineering Motivation



Missing phase problem

@ Detectors only record intensities of diffracted rays (magnitude measurements only!)

diffraction patterns

@ Fraunhofer diffraction equation = optical field at the detector ~ Fourier transform

2
|i"(f1,f2)|2 = ‘/x(tl,tz)efQ"i(fltﬁfztz)dtldtz



Missing phase problem

@ Detectors only record intensities of diffracted rays (magnitude measurements only!)

diffraction patterns

@ Fraunhofer diffraction equation = optical field at the detector ~ Fourier transform

2
|i"(f1,f2)|2 = ‘/x(tl,tz)efQ"i(fltﬁfztz)dtldtz

Phase Retrieval Problem

How can we recover the phase (or equivalently signal x(t1,t2)) from |Z(f1, f2)|?




Phase retrieval (discrete 1D model)

diffraction patternyg

@ Phaseless measurements about & € C"
2
Ifizl" =y ke{l,2,....,n}=[n]

S is kth row of the DFT matrix.
@ Phase retrieval is impossible, inherent ambiguity.



Resolving ambiguity?

Solution: Create diversity

k,
¥
LED
array sample objective pupil
plane
| _ .
1 . T k,
- | camera
F existing microscope

pupil function’s Fourier space

(stolen from the Waller Lab)

Ay

2 Az
y=|Axz|” where A= |

Ap

with A, € C*xn



Data Barriers...
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Second attempt: Nonconvex Optimization



Solving quadratic equation by non-convex optimization
(no constraints)

min  f(2) ::im Zf(’ym layz|)

r=1

@ Pro: operates over vectors much less intensive!

@ Con: Non-convex!



Wirtinger Flow (WF)

Algorithm 1 Wirtinger Flow (WF)

Input: Measurements y,. for r =1,2,... m.
Initialization (WF-INIT):
Set Zj to be the eigenvector corresponding to the largest eigenvalue of

1 m
Y = E Zlyrara:.
r=

Set zp = (,/i > yr) 2.

Iterations:
forr=0tot—1do
Set
/_L 1 m 'LL
1 " " 1
Zr+l =21 — T+2 ( (‘CLTZ|2 - yr) (a’rar)z) =2 = T+2 Vf(z‘l')
llzollz, \ ™ 7= 12o0ll,
end for

Output: = = z;.




Exact Phase Retrieval by WF (Gaussian Model)

For a vector z € C"

dist(z,x) = ¢err[})1121ﬂ] Hz - e“’ﬁwH22 .

Theorem (Candes, Li, and Soltanolkotabi ('14), Soltanolkotabi ('14))

Assume m 2 n. Using 0 < pu < pg/n, with high probability

@ Initialization:
dist(zo, \/7”33”42

o Aftert iterations: 5
dist{(zs, @) < €=t - dist(z, @) < \/;e—wf lll,, -

[Chen and Candes 2015], [Wang and Giannakis], [Zhang and Liang 2016]
established m 2 n via variantes of Wirtinger Flow




Don't like initialization?



Don’'t like initialization?

Theorem (Soltanolkotabi 2017)

With m = nlogn Gaussian measurements all local optima are global optima and
cubic regularization converges to a global optima in poly(n) iterations.

Earlier [Sun, Qu, Wright 2016]: All local optima are global optima with
m > nlog®n and trust region methods converge to a global optima in poly(n)
iterations.



Are local optima global optima?

Are saddles the only problem with nonconvexity?



Are local optima global optima?

Are saddles the only problem with nonconvexity?

1 .
Example: @ = [ 0 |. Measurements y, = larz|” ,r=1,2,...,m, with m = 4.

cost function: f(z) = 2 S | (y, — |aiz|*)?

f(2)




Which initial solutions work?




Solving quadratic equations
via Projected Wirtinger Flow (PWF)

1 2
min — Z ( \a:z|2> subject to R(z) < R(x).



Solving quadratic equations
via Projected Wirtinger Flow (PWF)

. 1 2\ 2 .
* < .
min =5 E ( —larz| ) subject to R(z) < R(x)

Follow the gradient:

Zr41 = Px (Z‘r - /J/TVf(zT)) .

where

K={z: subjectto R(z)<R(x)}



What is the sample complexity of PWF?
Simpler question: Linear inverse problems

B
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y=Ax, yeR™ A cR™*" and x € R" with m << n.
1
& = argmin 5 ly — AzH?2 subject to R(z) < R(x).

When is & = &? m?



What is the sample complexity of PWF?

Simpler question: Linear inverse problems

y=Ax, yeR™ A cR™*" and x € R" with m << n.
1
& = argmin 5 ly — AzH?2 subject to R(z) < R(x).

When is & = &? m?

Theorem (Chandrasekaran, Recht, Parrilo, and Willskey 2012-Amelunxen, Lotz,

McCoy, Tropp 2014)

For i.i.d. normal matrices as long as

m~mo(R,x),

then with high probability & = x

e o for an c-eparce <ional m > 92<¢lao(n /<)



What is the sample complexity of PWF? (local)

Let @, € R" be i.i.d. N'(0,I) and y, = |(a,,z)|* for r = 1,2, .

ey

m

2
. — %2 ; < .
in f(2) - Tz:: (yr layz| ) subject to R(z) < R(x)

Follow the gradient: z,11 := P (2 — u-Vf(z;)) with K = {z : R(z) < R(z)}.
Theorem (Soltanolkotabi 2017)

Assume m = mglogn. Using 0 < p < uo/n, with high probability
Starting from any initial point z obeymg

dist(zg, x \/>||:c||€2

b)
dist(zs, ) < e . dist(zp, z) < \/ge_c“t llll,, -

we have




What is the sample complexity of PWF? (local)

Let @, € R" be i.i.d. N'(0,I) and y, = |(a,,z)|* for r = 1,2, .

ey

m

2
. — w2 . < .
in f(z): - Tz:: (yr larz| ) subject to R(z) < R(x)

Follow the gradient: z,11 := P (2 — u-Vf(z;)) with K = {z : R(z) < R(z)}.
Theorem (Soltanolkotabi 2017)

Assume m = mglogn. Using 0 < p < uo/n, with high probability
Starting from any initial point z obeylng

dist(zg, x [||:c||€2

b)
dist(zs, ) < e . dist(zp, z) < \/ge_c“t llll,, -

we have

e e.g. for sparsity m 2 2slog(n/s)logn

@ previous known result for local neighborhood via Thresholded WF
m = s*logn [Cai, Li, Ma 2015]



What is the sample complexity of PWF? (global)

Let @, € R™ be i.i.d. N(0,1) and y, = |(a,,z)|* for r =1,2,...,m.

L i (yr - \a:z|2>2 subject to R(z) < R(x).

r=1

min  f(2):

zeCn '_Qm

Follow the gradient: z,41 := Pk (2r — pu-Vf(27)) with K = {z : R(2) < R(x)}.

Theorem (Soltanolkotabi 2017)

With m = mqlogn Gaussian measurements all local optima are global optima
and cubic regularization converges in poly(n) iterations.




What is the sample complexity of PWF? (global)

Let @, € R™ be i.i.d. N(0,1) and y, = |(a,,z)|* for r =1,2,...,m.

L i (yr - \a:z|2>2 subject to R(z) < R(x).

r=1

min  f(2):

zeCn '_2m

Follow the gradient: z,41 := Px (2 — u-Vf(z;)) with K ={z : R(z) < R(z)}.

Theorem (Soltanolkotabi 2017)

With m = mqlogn Gaussian measurements all local optima are global optima
and cubic regularization converges in poly(n) iterations.

e e.g. for sparsity m 2 2slog(n/s)logn



Removing logs and other things...



Removing logs and other things...

Let a, € R™ be i.i.d. N(0,1) and y, = |(a,,z)|” for r =1,2,...,m

)

m
. 1

min =—

zeCn 2m

r=1

—laiz])® subject to R(z) < R(x).
Follow the “gradient”: z,11 := Px (2 — u-Vf(2;)) with
K={z:R(z) < R(x)}.

Theorem (Soltanolkotabi 2017)

Assume m = myg. Using 0 < p < g, with high probability
Starting from any initial point z obeymg

dist(zo, x \/>||a:||€2

we have 5
dist(zs, ) < e . dist(zp, z) < \/;e_c“t lll,, -




Removing logs and other things...

Let a, € R™ be i.i.d. N(0,1) and y, = |(a,,z)|” for r =1,2,...,m

)

m
. 1

min =—

zeCn 2m

r=1

—laiz])® subject to R(z) < R(x).
Follow the “gradient”: z,11 := Px (2 — u-Vf(2;)) with
K={z:R(z) < R(x)}.

Theorem (Soltanolkotabi 2017)

Assume m = myg. Using 0 < p < g, with high probability
Starting from any initial point z obeymg

dist(zo, x \/>||a:||€2

we have 5
dist(zs, ) < e . dist(zp, z) < \/;e_c“t lll,, -

@ This result also holds for nonconvex regularizers!



Connecting sample complexity to mini-max denoising

Theorem (Soltanolkotabi 2016)

For any set IC, as long as

E|Px(x +oz) — x|},

m > cmax 5

a g

PWEF works.

[Oymak and Hassibi 2014-Oymak, Recht, Soltanolkotabi 2016] + [Amelunxen,
Lotz, McCoy, Tropp 2014] shows equivalence between min-max denoising and
data complexity of linear inverse problems



Theoretical implications

@ signal with entries +1
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@ signal with entries +1
no problem best Gaussian denoiser is actually tanh

@ optimization over integers?



Theoretical implications

@ signal with entries +1
no problem best Gaussian denoiser is actually tanh

@ optimization over integers?
no problem just threshold to the closest integer...

@ many others



Implications for imaging systems

What projection or non-linear shrinkage should you use?



Implications for imaging systems

What projection or non-linear shrinkage should you use?
We use GDS file from IBM add Gaussian noise and just learn the best denoiser...

Convolution step (convolution + pooling) Fully connected encoding step Deconvolution step (deconvolution + unpooling)
. 8
-e
LI Yo s
. ¥
. h




Tools

The

Generic
Chaining

ikl | Differential
LB Equations and
Dynamical
Systems

Third Editian

Esup X < Ly(T,d)
T

Esup X; < Lw(T,d) 1




Regularity condition?

(Vi(z),z—2) > — ||z —all, + % IVF (=),

SRS



Regularity condition?

(Vi(z),z—2) > — ||z —all, + % IVF (=),

SRS

Not really ...



Proof Sketch

Zr4l1 = 21 — /"LTVf(zT)'

Want to prove

1
12r 41—, <5 ll2r — 2|,
2



Proof Sketch

Zr4l1 = 21 — /"LTVf(ZT)'
Want to prove
1
lzr41 = zllg, < 5 llzr — ]y,

Define the stochastic process

u’ (z = pVf(2))
|z — 93”@2

Xu,z =



Proof Sketch

Zr4l1 = 21 — /"LTVf(ZT)'
Want to prove
1
lzr41 = zllg, < 5 llzr — ]y,

Define the stochastic process

u’ (z = pVf(2))
|z — 93”@2

Xu,z =
We prove that for all uw € R™ and z obeying R(z) < R(x)

sup Xu,z S
wueSn—1,zek

DN =



Submodular Maximization

Collaborators: Hamed Hassani and Amin Karbasi



Submodular Maximization
Collaborators: Hamed Hassani and Amin Karbasi

(Introductory figures/slides stolen from Stefanie Jegelka and Andreas Krause)



Set Function Maximization

o = * ground set
e © © & ¥
) @ — ® ®
- . o " e @ * (scoring) function
- JRY
: ® eee ¢ F:2" 3R,
L -
@) @ ® ¢
SCV

max F(S)




Maximizing monotone functions

max F'(S) subjectto |S| <k
Scy



Maximizing monotone functions

max F'(S) subjectto |S| <k
Scy

Greedy algorithm
o S() =
o fori =0,1,...,k—1
* = F(S; U
¢ =arg max (SiU{e})
Si-i—l :Sl U {6*}



Theory for greedy

max F'(S) subjectto |S| <k
Scy



Theory for greedy

max F'(S) subjectto |S| <k
Scy

Theorem (Nembhauser, Fisher, Wolsey ‘78)

F monotone submodular. Then solution of greedy obeys

(&

F(S) > (1 — 1) F(S*)




Theory for greedy

max F'(S) subjectto |S| <k
Scy

Theorem (Nembhauser, Fisher, Wolsey ‘78)

F monotone submodular. Then solution of greedy obeys

(&

F(S) > (1 — 1) F(S*)

No poly-time algorithm can do better than that!



Why not just use greedy

@ Many cases don't have exact function evaluations

o Greedy takes O(nk) time. What if n is large?

@ What if the function is not submodular



Making things continuous

sample item e with probability x.
Ju(z) =Ese [F(5))

=Y FS) [T [T )

SCy ecS e¢sS
T
p(l) = »
p(2) = @
p(3) = -
02|
0.2 ®

Basis for continuous greedy [Vondrak et. al.]



Just follow the gradient

LTry1 = P)C (wT + MTVfM(wT))

where

K:{ZGRﬁ:Zzi:k 0<z <1}

=1



How well does it work?

max  F(S) = logdet(I + As.s) subjectto |S|<k
Sc{1,2,....,n}



How well does it work?

max  F(S) = logdet(I + As.s) subjectto |S|<k
Sc{1,2,....,n}

Greedy: 67.1 Gradient Descent: 74.81



Stochastic Methods

Assume access to a stochastic oracle

E[Qt] = Vfu(ze).
Run

LTr41 = PK: (337- + ,u‘rg7'>

where

K={zeR}:) z=k 0<z<1}

i=1



Some theory

LTr41 = P}C (w‘l' + ,U'T.g'r)

Theorem (Stochastic Gradient Method)

Assumptions

2 _ 1 2
° R?= sup ;= —yll,
x,yel
o far is L-smooth, monotone and multinear extension of submodular

@ stochastic oracle g; obeying

Elg) = Viu(z:) and E[llge— Viu(mlly,] <o

Run stochastic gradient updates with p; = Then,

L+\f

E[fu ()] > OPT (% _ (% + 2%)) .




Some theory

Lry1 = P}C (wT + ,U'T.g'r)

Theorem (Stochastic Gradient Method)

Assumptions

2 _ 1 2
° R?= sup ;= —yll,
x,yel
o far is L-smooth, monotone and multinear extension of submodular

@ stochastic oracle g; obeying

Elg) = Viu(z:) and E[llge— Viu(mlly,] <o

Run stochastic gradient updates with p; = Then,

L+x/

E[fu ()] > OPT <% _ (% + 2%)) .

@ With Mirror descent can ensure L is constant
@ Can get better approximation ratio starting from 0




Conclusion

Convex relaxations may be inefficient in terms of sample complexity
discussed results towards breaking this barrier

a lot of exciting barriers to think about e.g. planted clique

interesting directions for bridging the gap between discrete and continuous
optimization
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Thanks!

When should we just follow the gradient?




