
Nonconvex Optimization for High-Dimensional Learning:
From Phase Retrieval to Submodular Maximization

Mahdi Soltanolkotabi
Department of Electrical Engineering

June 19, 2017
Interdisciplinary Seminar Series

North Carolina State

June 19, 2017 Interdisciplinary Seminar SeriesNorth Ca



Nonconvexity is everywhere
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Exciting research over the last decade demonstrating the effectiveness of convex
programming/greedy algorithms.

Idealogy

“when life gives you lemons, convexify”

Sparse use ℓ1 norm, Low-rank use nuclear norm, etc.
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convex relaxations are not perfect

Computation and memory: convex programs maybe inefficient

Sometimes convex programs are inefficient in capturing the “structure”
(usually require more samples)
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When should we just follow the gradient?



Two stories with a common theme

Story I: Structured Signal Recovery from Quadratic Measurements

Story II: Submodular Maximization



Structured Signal Recovery from Quadratic Measurements
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Quadratic measurements from an s-sparse signal

yr = |〈ar,x〉|2 r = 1, 2, . . . ,m ⇔ y = |Ax|2

Find an s-sparse signal from quadratic measurements

yr = x∗Arx for r = 1, 2, . . . ,m.

One of the universal forms of combinatorial problems, NP-hard in general.
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Sparse Signal Recovery from Quadratic Measurements

Quadratic measurements

yr = |〈ar,x〉|2 r = 1, 2, . . . ,m ⇔ y = |Ax|2

Sample complexity for uniqueness: m & s log(n/s) generic measurements
Sample complexity for exact recovery: ???????



First attempt: Convex Optimization
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Semidefinite Relaxation with Sparsity

min ‖z‖ℓ0 subject to yr = |a∗
rz|2 = [A(zz∗)]r.

Lifting: Z = zz∗ Relax rank one constraint

min ‖z‖ℓ0 subject to y = A(Z) and Z � 0.

SDP relaxation

min ‖Z‖ℓ1 subject to y = A(Z) and Z � 0.

For Phase Retrieval [Shechtman et. al. 2011, Li and Voroninski 2013].
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Solving random quadratic equations

Given an s-sparse signal x ∈ C
n, measurements of the form

yr = |a∗
rx|2 r = 1, 2, . . . ,m,

with ar i.i.d. complex random vector with each entry ∼ cN (0, 1).

Theorem (Li and Voroninski (2013))

Using m & s2 log n Gaussian measurements with high probability
xx∗ = argmin ‖Z‖ℓ1 subject to y = A(Z) and Z � 0.

Maybe these results are not optimal...

Theorem (Li and Voroninski (2013), [Oymak, Jalali, Fazel, Hassibi, Eldar (2014))

With Gaussian measurements if
xx∗ = argmin ‖Z‖ℓ1 subject to y = A(Z) and Z � 0.

holds with high probability.
Then

m &
s2

log2 n
.
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Engineering Motivation



Missing phase problem

Detectors only record intensities of diffracted rays (magnitude measurements only!)

source
sample

diffraction patterns

Fraunhofer diffraction equation ⇒ optical field at the detector ≈ Fourier transform

|x̂(f1, f2)|
2 =

∣

∣

∣

∣

∫

x(t1, t2)e
−2πi(f1t1+f2t2)dt1dt2
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Phase Retrieval Problem

How can we recover the phase (or equivalently signal x(t1, t2)) from |x̂(f1, f2)|?



Phase retrieval (discrete 1D model)

source
sample

diffraction patterns

Phaseless measurements about x ∈ C
n

|f∗
kx|2 = yk k ∈ {1, 2, . . . , n} = [n]

f∗
k is kth row of the DFT matrix.

Phase retrieval is impossible, inherent ambiguity.



Resolving ambiguity?
Solution: Create diversity

(stolen from the Waller Lab)

y = |Ax|2 where A =











A1

A2

...
AL











with Aℓ ∈ C
n×n



Data Barriers...

m & s log(n/s) versus m &
s2

log2 n

Uniqueness convex relaxation



Second attempt: Nonconvex Optimization



Solving quadratic equation by non-convex optimization
(no constraints)

Let A =
[

a1,a2, . . . ,am

]

min
z∈Cn

f(z) :=
1

2m

m
∑

r=1

ℓ(yr, |a∗
rz|)

Pro: operates over vectors much less intensive!

Con: Non-convex!



Wirtinger Flow (WF)

Algorithm 1 Wirtinger Flow (WF)

Input: Measurements yr for r = 1, 2, . . . ,m.
Initialization (WF-INIT):
Set z̃0 to be the eigenvector corresponding to the largest eigenvalue of

Y =
1

m

m
∑

r=1

yrara
∗
r .

Set z0 =
(
√

1
m

∑m
r=1 yr

)

z̃0.

Iterations:
for τ = 0 to t− 1 do
Set

zτ+1 =zτ − µτ+1

‖z0‖2ℓ2

(

1

m

m
∑

r=1

(

|a∗
rz|2 − yr

)

(ara
∗
r)z

)

:= zτ − µτ+1

‖z0‖2ℓ2
∇f(zτ ).

end for
Output: x̂ = zt.



Exact Phase Retrieval by WF (Gaussian Model)

For a vector z ∈ C
n

dist(z,x) = min
φ∈[0,2π]

∥

∥z − eiφx
∥

∥

ℓ2
.

Theorem (Candes, Li, and Soltanolkotabi (’14), Soltanolkotabi (’14))

Assume m & n. Using 0 ≤ µ ≤ µ0/n, with high probability

Initialization:

dist(z0,x) ≤
√

5

6
‖x‖ℓ2 .

After t iterations:

dist(zt,x) ≤ e−cµt · dist(z0,x) ≤
√

5

6
e−cµt ‖x‖ℓ2 .

[Chen and Candes 2015], [Wang and Giannakis], [Zhang and Liang 2016]
established m & n via variantes of Wirtinger Flow



Don’t like initialization?



Don’t like initialization?

Theorem (Soltanolkotabi 2017)

With m & n log n Gaussian measurements all local optima are global optima and
cubic regularization converges to a global optima in poly(n) iterations.

Earlier [Sun, Qu, Wright 2016]: All local optima are global optima with
m & n log3 n and trust region methods converge to a global optima in poly(n)
iterations.



Are local optima global optima?

Are saddles the only problem with nonconvexity?
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Are local optima global optima?

Are saddles the only problem with nonconvexity?

Example: x =
[ 1
0

]

. Measurements yr = |a∗
rx|2 , r = 1, 2, . . . ,m, with m = 4.

cost function: f(z) = 1
4m

∑m
r=1(yr − |a∗

rx|2)2

f(z)
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2

0
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2

3

4

−f(z)
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Which initial solutions work?

Run gradient descent (zτ+1 = zτ − µ∇f(zτ )) from different initial points.
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Solving quadratic equations
via Projected Wirtinger Flow (PWF)

min
z∈Cn

f(z) :=
1

2m

m
∑

r=1

(

yr − |a∗
rz|2

)2

subject to R(z) ≤ R(x).



Solving quadratic equations
via Projected Wirtinger Flow (PWF)

min
z∈Cn

f(z) :=
1

2m

m
∑

r=1

(

yr − |a∗
rz|2

)2

subject to R(z) ≤ R(x).

Follow the gradient:

zτ+1 := PK (zτ − µτ∇f(zτ )) .

where

K = {z : subject to R(z) ≤ R(x)}



What is the sample complexity of PWF?
Simpler question: Linear inverse problems

y = Ax, y ∈ R
m, A ∈ R

m×n, and x ∈ R
n with m << n.

x̂ = argmin
z

1

2
‖y −Az‖2ℓ2 subject to R(z) ≤ R(x).

When is x̂ = x? m?



What is the sample complexity of PWF?
Simpler question: Linear inverse problems

y = Ax, y ∈ R
m, A ∈ R

m×n, and x ∈ R
n with m << n.

x̂ = argmin
z

1

2
‖y −Az‖2ℓ2 subject to R(z) ≤ R(x).

When is x̂ = x? m?

Theorem (Chandrasekaran, Recht, Parrilo, and Willskey 2012-Amelunxen, Lotz,
McCoy, Tropp 2014)

For i.i.d. normal matrices as long as

m ≈ m0(R,x),

then with high probability x̂ = x

e.g. for an s-sparse signal m ≥ 2s log(n/s)



What is the sample complexity of PWF? (local)

Let ar ∈ R
n be i.i.d. N (0, I) and yr = |〈ar,x〉|2 for r = 1, 2, . . . ,m.
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Assume m & m0 log n. Using 0 ≤ µ ≤ µ0/n, with high probability
Starting from any initial point z0 obeying

dist(z0,x) ≤
√

5

6
‖x‖ℓ2 ,

we have

dist(zt,x) ≤ e−cµt · dist(z0,x) ≤
√

5

6
e−cµt ‖x‖ℓ2 .

e.g. for sparsity m & 2s log(n/s) log n

previous known result for local neighborhood via Thresholded WF
m & s2 log n [Cai, Li, Ma 2015]
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Let ar ∈ R
n be i.i.d. N (0, I) and yr = |〈ar,x〉|2 for r = 1, 2, . . . ,m.

min
z∈Cn
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1

2m
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√
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Let ar ∈ R
n be i.i.d. N (0, I) and yr = |〈ar,x〉|2 for r = 1, 2, . . . ,m.

min
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f(z) :=
1

2m

m
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(
√
yr − |a∗
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Follow the “gradient”: zτ+1 := PK (zτ − µτ∇f(zτ )) with
K = {z : R(z) ≤ R(x)}.

Theorem (Soltanolkotabi 2017)

Assume m & m0. Using 0 ≤ µ ≤ µ0, with high probability
Starting from any initial point z0 obeying

dist(z0,x) ≤
√

5

6
‖x‖ℓ2 ,

we have

dist(zt,x) ≤ e−cµt · dist(z0,x) ≤
√

5

6
e−cµt ‖x‖ℓ2 .

This result also holds for nonconvex regularizers!



Connecting sample complexity to mini-max denoising

Theorem (Soltanolkotabi 2016)

For any set K, as long as

m ≥ cmax
σ

E ‖PK(x+ σz)− x‖2ℓ2
σ2

PWF works.

[Oymak and Hassibi 2014-Oymak, Recht, Soltanolkotabi 2016] + [Amelunxen,
Lotz, McCoy, Tropp 2014] shows equivalence between min-max denoising and
data complexity of linear inverse problems
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Theoretical implications

signal with entries ±1
no problem best Gaussian denoiser is actually tanh

optimization over integers?
no problem just threshold to the closest integer...

many others



Implications for imaging systems

What projection or non-linear shrinkage should you use?



Implications for imaging systems

What projection or non-linear shrinkage should you use?
We use GDS file from IBM add Gaussian noise and just learn the best denoiser...



Tools
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α
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Regularity condition?

〈∇f(z), z − x〉 ≥ 1

α
‖z − x‖2ℓ2 +

1

β
‖∇f(z)‖2ℓ2

Not really ...
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Proof Sketch

zτ+1 = zτ − µτ∇f(zτ ).

Want to prove

‖zτ+1 − x‖ℓ2 ≤ 1

2
‖zτ − x‖ℓ2

Define the stochastic process

Xu,z =
uT (z − µ∇f(z))

‖z − x‖ℓ2
We prove that for all u ∈ R

n and z obeying R(z) ≤ R(x)

sup
u∈Sn−1,z∈K

Xu,z ≤ 1

2



Submodular Maximization

Collaborators: Hamed Hassani and Amin Karbasi



Submodular Maximization

Collaborators: Hamed Hassani and Amin Karbasi

(Introductory figures/slides stolen from Stefanie Jegelka and Andreas Krause)



Set Function Maximization



Maximizing monotone functions

max
S⊂V

F (S) subject to |S| ≤ k



Maximizing monotone functions

max
S⊂V

F (S) subject to |S| ≤ k

Greedy algorithm

S0 =

for i = 0, 1, . . . , k − 1

e∗ =arg max
e∈V/Si

F (Si ∪ {e})

Si+1 =Si ∪ {e∗}



Theory for greedy
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F (S) subject to |S| ≤ k
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F monotone submodular. Then solution of greedy obeys

F (Ŝ) ≥
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1− 1

e

)

F (S∗)



Theory for greedy

max
S⊂V

F (S) subject to |S| ≤ k

Theorem (Nemhauser, Fisher, Wolsey ‘78)

F monotone submodular. Then solution of greedy obeys

F (Ŝ) ≥
(

1− 1

e

)

F (S∗)

No poly-time algorithm can do better than that!



Why not just use greedy

Many cases don’t have exact function evaluations

Greedy takes O(nk) time. What if n is large?

What if the function is not submodular



Making things continuous

Basis for continuous greedy [Vondrak et. al.]



Just follow the gradient

xτ+1 = PK (xτ + µτ∇fM (xτ ))

where

K = {z ∈ R
n
+ :

n
∑

i=1

zi = k 0 ≤ zi ≤ 1}



How well does it work?

max
S⊂{1,2,...,n}

F (S) = logdet(I +AS,S) subject to |S| ≤ k



How well does it work?

max
S⊂{1,2,...,n}

F (S) = logdet(I +AS,S) subject to |S| ≤ k

Greedy: 67.1 Gradient Descent: 74.81



Stochastic Methods

Assume access to a stochastic oracle

E[gt] = ∇fM (xt).

Run

xτ+1 = PK (xτ + µτgτ )

where

K = {z ∈ R
n
+ :

n
∑

i=1

zi = k 0 ≤ zi ≤ 1}



Some theory

xτ+1 = PK (xτ + µτgτ )

Theorem (Stochastic Gradient Method)

Assumptions

R2 = sup
x,y∈K

1
2 ‖x− y‖2ℓ2

fM is L-smooth, monotone and multinear extension of submodular

stochastic oracle gt obeying

E[gt] = ∇fM (xt) and E
[

‖gt −∇fM (xt)‖2ℓ2
]

≤ σ2.

Run stochastic gradient updates with µt =
1

L+ σ

R

√
t
.Then,

E[fM (xT )] ≥ OPT

(

1

2
− (

R2L

T
+ 2

Rσ√
T
)

)

.



Some theory

xτ+1 = PK (xτ + µτgτ )

Theorem (Stochastic Gradient Method)

Assumptions

R2 = sup
x,y∈K

1
2 ‖x− y‖2ℓ2

fM is L-smooth, monotone and multinear extension of submodular

stochastic oracle gt obeying

E[gt] = ∇fM (xt) and E
[

‖gt −∇fM (xt)‖2ℓ2
]

≤ σ2.

Run stochastic gradient updates with µt =
1

L+ σ

R

√
t
.Then,

E[fM (xT )] ≥ OPT

(

1

2
− (

R2L

T
+ 2

Rσ√
T
)

)

.

With Mirror descent can ensure L is constant

Can get better approximation ratio starting from 0



Conclusion

Convex relaxations may be inefficient in terms of sample complexity

discussed results towards breaking this barrier

a lot of exciting barriers to think about e.g. planted clique

interesting directions for bridging the gap between discrete and continuous
optimization
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Thanks!

When should we just follow the gradient?


